We performed a theoretical analysis on electrically forced, coupled thickness-shear, and flexural vibrations of a rectangular AT-cut quartz resonator, which is electroded in its central part only. Mindlin's first-order theory for piezoelectric plates is used and simplified by the flexure-twist approximation due to Mindlin and Spencer. An analytical solution is then obtained. The admittance of the resonator under a time-harmonic driving voltage, which is an important property in resonator design, is calculated and examined. The mode shapes at resonances are also presented and discussed. It is found that for a perfectly symmetric resonator only cylindrical modes depending on one of the two in-plane spatial coordinates can be excited by the applied voltage. This supports the conventional approximate analyses based on the assumption of cylindrical deformations.
INTRODUCTION
Piezoelectric crystals are widely used to make resonators for time-keeping, frequency generation and operation, telecommunication, and sensing. Quartz is the most widely used crystal for resonator applications. Due to material anisotropy and electromechanical coupling, a theoretical analyses of crystal resonators presents considerable mathematical challenges. Since many piezoelectric resonators operate with thicknessshear (TSh) vibration modes of plates, [1] [2] [3] [4] Mindlin et al. [1] [2] [3] [4] developed and refined the two-dimensional (2-D) equations for motions of piezoelectric plates. The 2-D equations lead to many theoretical results useful for the understanding and design of piezoelectric resonators. For example, the behaviors of cylindrical TSh motions or the so-called straight-crested waves depending on one of the two in-plane spatial variables of the crystal plates only are now reasonably well understood.
5-7 Finite element procedures based on the 2-D plate equations were also developed. 8, 9 More references can be found in a review article by Wang and Yang. 10 Even with the 2-D plate equations, there are practically important situations for which the available theoretical results are very limited, which means there is a lack of basic understanding. This is because real crystal resonators actually used in various electronic equipment are with partial electrodes. When using the 2-D plate equation to analyze these resonators, the electroded and unelectroded regions need to be treated separately using slightly different equations with continuity conditions between them. This is complicated and sometimes it can be impractical or impossible, except in the case of cylindrical motions where the fields vary along one of the two in-plane directions of a plate only. When the vibration varies in both of the in-plane directions of a plate, there are very few theoretical results on partially electroded resonators from the 2-D equations, especially for electrically forced vibrations.
For coupled TSh and flexural motions of a plate, a procedure called flexure-twist approximation was developed 11 for anisotropic elastic plates, which describes a plate sheardeformable in one of the two in-plane directions of the plate and is shear-rigid in the perpendicular direction. The flexuretwist approximation was later extended to the case of piezoelectric plates.
12 This approximation simplifies the 2-D plate equations significantly, with which the free vibration solution of a rectangular quartz plate was obtained by Mindlin and Spencer 11 which provides basic information on the resonant frequencies and mode shapes of the plate. However, the understanding of the behaviors of a partially electroded, rectangular resonator in electrically forced vibrations is still very much in need. This is because resonators are used as elements of electrical circuits of alternating currents. Two basic properties of a resonator, its resonant frequency and admittance, are both of primary interest for circuit analyses. A free vibration analysis can only produce resonant frequencies and modes. The admittance of a resonator can only be obtained from an electrically forced vibration analysis. Recently, there has been growing interest in forced vibration analyses of piezoelectric plates and the computation of resonator admittance, [13] [14] [15] which are for cylindrical motions. In this paper, we use Mindlins first-
